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PAIR OF COPLANAR BARENBLATT CRACKS AT THE INTERFACE OF TWO BONDED
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ABSTRACT

The condition of finiteness of stresses at the end of a crack and smooth joining of the opposite sides of the crack were first
proposed in hypothetical form by Khirstianovich and proved on the basis of the principle of virtual displacement by Barenblatt.
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Recent examples of such studies are proved by
Sneddon (1969), Burnisten and Gurely (1973), Tresher and
Smith (1973). In all these investigations however, the crack
is embedded in a homogeneous medium.

MATERIALS AND METHODS
Formulation of the Problem

In this chapter, we shall study the stress and
displacement field in the vicinity of a pair of coplanar
Barenblatt cracks located at the interface of two bonded
dissimilar micropolar elastic half planes. We consider a pair
of coplanar Barenblatt cracks a < [x| < b, y = 0 located at the
interface of two bonded dissimilar micropolar elastic half
planes. We suppose that two half planes y > 0 and y < 0 be

occupied by elastic constants p,, k; and p,, k; with

k; = 3 —4n; (i = 1,2) where n, denotes the Poison ratio of
the two elastic materials and p, denotes the modulus of
rigidity of two respective media.

Following Lowengrub and Sneddon (1969), we
shall require that

uy(a*,0 +) = uy,(a*,0-)=0
uy(a’,0 +) = uy(a-,0-)=0
uy(b*,0 +) = uy(b*,0-)=0
u,(b™,0 +) = uy,(b”,0-)=0

where y = (uy, uy,¢). The component of stress,

displacement and microrotation must satisfy the condition
Oy (x,0 +) = 0(x™")
Oxy(%,0 +) = 0(x™1), x >0

my, (x,0 +) = 0(x™ 1)

!Corresponding author

If we assume that the upper and lower surface of
both cracks are subjected to prescribed pressures p(x) and
q(x), then inside the crack following conditions are to be
satisfied.

Oyy(x,0 +) = oyy(%,0 —) = —p(x), —b<x< —
a,a<x<b 2.

Oxy(X%,0 +) = oyy(x,0 —) = —q(x), —b<x < —
a,a<x<b (2.2)

My, (x,0 +) = my,(x,0 —) = 0,—b<x< —a,a<x<b
(2.3)

where p(x) and q(x) are the internal pressure and
shear applied to the faces of the crack. For the region of the
interface not occupied by the crack, following continuity
conditions must be satisfied.

U (x,0+) = u(x,0 -), x| < a,and |x| > b, (2.4)
uy(x,0 +) = uy(x,0 -), |x| < a,and x| > b, (2.5)
¢(XPO +) = ¢(XPO _)P |X| <ua, and |X| > bl (26)

Oyy(x,0+) = oyy(%,0 ), x| < a,and |x| > b, (2.7)
Oxy(X%,0 +) = oy (x,0 ), |x| < a,and |x| > b, (2.8)
my, (%,0 +) = myy(x,0 -), x| < a,and |x| > b, (2.9)

Following Lowengrub and Sneddon (1969), we
take the displacement field-

FSEAl —p1& "By + QuyByJe™¥ — Lin,ce"Y, y>0
u(x,y) =

Fs[Az — p2&7' B, + QuyB, e — 131, c e, y <0
(2.10)
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F, @ + QuyBile ™ — 13gc,e™? | y>0
u(x, y)=
F.[A,; + Q;By]e™ + Lic,en2Y |, y<0(2.11)

Fq EBle_&‘y + ce Y] , y>0

d(x,y)=

Fs[Be¥ + ce 2] , y<0 (2.12)

where Fg and F. are the Fourier sine and consine
transforms. We suppose that

At 3p At 1y 2 _ Vi

i A+ Zpi' Qi - At Zui' i 21y

M=gh =2 p=2-Qi=12

2“2’ '

Here A; and p, are the classical Lames' constants

and v; is the micropolar modulii and Q; is the micropolar
poisson ration. The micropolar modulii v; and p; have the

dimensions of force and stress respectively. The internal
characteristics length L; of the medium given by

L= |
i = 21,

from equations (2.1) and (2.7) we see that
Oyy(X,0+) = oyy(x,0 =) for all values of x and it is
easily shown that this condition is equivalent to the single
equation

€A, + (1 - Qp)B, + L3EC,
= 1"1{—§A1 +(1- Ql)B1+L21E..n1C1}

from equations (2.2) and (2.8) we see that
Oyxy(X,0 +) = oy, (x,0 =) the boundary condition is

equivalent to the single equation
€A+ (1—-Q2)B; + L22§2C2 = r1{§A1 - B1L21§n1C1}

Similarly from equation (2.3) and (2.9) we see that
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myy (%,0 +) = my,(x,0 =) for all values of x and it is
easily shown that this condition is equivalent to the single
equation

EB, + nzcz = 1"2(@31 + Bmlcl)

Solving these equations for A,, B,, C, in terms of
A, By, C; we find that

A2 = —Fl [1 + ZQ_I{(l - Qz)nz + nngLZZ}] Al

+ N (1 - Q) — Q11 — Q138 (n, —
&)-TI'm,(2— Q2)} B= Q! (2I'/m,EA + {FzL%éz(nz -
&) —I'm,(2— Q1)} B, + [r1n1L21 -Q ' ((1-
Q){Tin, L3 (n, =€) —Tn L3 (n, + &)+, 13{T'1 & (n, +
i)Lzl + rzlez})]Q

By= Q*[2I'ym,EA; +{I2138° (n, — &) = Tym, (2 -
Q.)} By + {nlezeé(nz —-&) - szLzlé(nz + &)}Cl]
C= Q_l[—2§2r1A1 +{I'Q& + (2—-Q )&} B, +

{T,Qum, + T4 1287 (n, +&)}C4]
Q=1%&%(n, — &) + Qzm,

Now from equations (2.10 — 2.12) we see that the
boundary conditions (2.4 — 2.6) are equivalent to the
conditions

Fole(A; +A,) +{(2-Q2)B, — (2 —Qy)By} + L5En,C,
— L3N, Cy:x] =0

Fo[A; — A, —E(L4C, +13C,) :x] =0 (2.13)

FS[Bl_B2+C1+C2:x]:0

Substituting the values of A,, B,, C, in the above
equations (2.13) and applying the boundary conditions (2.1-
2.3) we get.

_ p(x)—-b<x< —a

_ 2¢2 .
F.[-¢A; + By + L2E7C, : «] Zul' A<x<b

Fs[_§A1 +(1-QB; + L21§2C1 : x]

_ p(x)—-b<x< —a
~2p, asx<b

Indian J.Sci.Res. 10 (1): 141-149, 2019
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(2.14)

Fo[Big +1,Cpix] =0 bEx=-a

a<x<b

If we now express A;, B; and C, in terms of ¢ (&),
Y(€) and X (&) through the equations

aA; = ((bxes - bsey) catp (€) — {(bacs - bscy) ¢; + (byey - bacy)
ez} W(E)* (bicy- bacy) €2 X (E))

aB; = -((axc3 - a3c2)c20 () — {(aicy— axcy) ¢3 + (axc3 — ascy)
¢} P(E)* (ajcy - axc)) ¢ X (§))

aC; = ac; ¢ (&) - (aDy + byDy)

Where
aiA;+biB, +eCi=6¢(8)
a,A; + b,B; +c,Ci =Y (§)
azA; + bsB, +¢;C =X (§)

Putting the values of A;, B;, Ciin the equations
(2.14) which are further reduced to the following set of
equations:

a = (a;c,— a5¢y) (bacs - bscy) - (azc3—ascy) (b, - bacy)
1-T, +2IQ 7 (n, (2 — Q) — &°L3n, —
n,{1 — Q}+&°13)

b, = Lzzan_lé{erz +I(2-Q)}+ §_1r1(1 - Q1)

a4 =

—Q![(1 - Q{T,138*(n, — €) =y, (2 — Q1)}
+ észznz{r1(2 —-Q)+ erz}]
+(2 - Qe QI L2E% (n, — &)
-I'm,2-Q)} -7 2-Qy)
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¢ =T L3 - QA — Q){n, 113 (n, — &)
—I'n,Li(n, +¢€)}
+n,L3{T, €% (n, + E)L3+T,m,Q,}]
+(2 - Q)Q {n,I,15(n, — €)}

_rlnlelé(nl + é))
+ L4, Q HI,Qam, + [1E%(n, +8)
- L21n1}

a, =1+T; 42Q7 ([, (1 — Q) + ', &°13 + &°1%

az = —2F1E,.Q‘1(n2 + é)

b, = Q71 — QT,T3¢(n, — &) —T1E ', (2 — Q)}
+ Lzznz{Flé(Z — Q) +T2EQ,3
+1364I,Q, + (2 — QT4
—&7(1- Q)

c; = QA - Q){rm,13(n, — &) — I, Li(n, +6)
+n, LB E% (n, + )13 +T2n, Q)
+ 15E{T,Q,n, + T1L3E%(n, +€)}
+ 136 — Ty, 13]

az = _2F1§Q_1(Tl2 +8)

b; =1+ Q_l[erzﬁ(Z —Qq)Er,
—{r,128%(n, — &) - T, (2 — Q}]

c;=1+ Q_l[erznl + rleliz (nl + &)
- ‘tv{rzn1]"22(n2 - é) - l—‘1112(111 + g)}]

D; = (bacs — b3cs) () — {(bacs — bscy)er + (bicy — bacy)
c3py(E) + (bicy — bacy) ¢, X (E)}
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Dy = (ascy — a3c3) uP(§) + {(ajcy — axcy) €3 + (axc3 — a3cy)

ciiw(€)
-(a1cy —axc) € X (§)

Putting the values of A;, B;, C,in the equations
(2.14) which are further reduced to the following set of
equations:

Fe (a2 (8) ¢ (©) +b(©) ¥ (§) +¢(§) X (&) :x)=1i (x), a<x
<b

Fo(b(©) ¢ (©)+c(® ¥ (@) +al®) X (©):x)=5Hh(x), a<x
<b

Fo(c(©) ¢ (§)+a(@) ¥ (E)+b(E) X(§):x)=0, a<x<b
2.15)

Where

a(§) =a™ cr{(axc; — a3¢y) - E(bacs —bscy)} + 14E% ey

b (&) =a" {(are; — a3x) + & (bacs —bscr)} ¢
+a {(a1c— a¢1) + & (b —bacy)} ¢

c(§=a" {(ac —aics) - &{(bica—brc))} ¢

£ _ aP(x)
1(X) T "

a4
f(x) = N

And
F(@©:x)=0, x>b
F.(P(E):x)=0 , x>Db (2.16)

F.(X(E):x)=0 , x> b

We proceed as in (5) and we define.
r(x),a<x<b

F.(9(©):x)=0
0,0 <x<a,x>b
si(x) ,a<x<b

F (P (9):x)=0
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0,0<x<a,x>b (2.17)
wi(x) ,a<x<b

F (X (©):x)=0

0,0 <x<a,x>b

It is easily shown that if we make extensions r(u),
s(u) and w(u) of ri(u), s;(u) and wi(u) to -b < x < - a as
follows:

(1 (u) ,a<u<b
r (u)=
Qo (-u),-b<u<-a
(s1 (), a<u<b
s (u) =
-
s;(-u),-b<u<-a
wi (u),ag<u<b
w(u) =
w; (-u),-b<u<-a
then

Fo(§(8) : x) = =1 I gy

nlx-u

Fo (¥ (5) 0 =21 2 qu (2.18)

F,(X (&) :x) =21 22 du

where L = ((-b, -a) U (a, b))

In like manner it is a simple matter to verify that

s|x) ,a<x<b

F.(9(9):x)=0

Indian J.Sci.Res. 10 (1): 141-149, 2019
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0,0 <x<a,x>Db

b
[ si(u) du,
X

where s;(x) =

rx) ,a<x<b

Fo (¥ (§) :x)=0
0,0 <x<a,x>b

b
[ ri(u) du

X

(2.19)

where 1(x) =

X
Fo(X (&) 0= 2[dx [ 2% qu
a

If we substitute (2.17), (2.18) in the equation
(2.15), we see that r, s, w must be solutions to the set of
singular integral equations.

a(®) 100 — 221 5y ¢ w0 = £,60.a < x| <b
a(g) s0) +22{ W(“i du + ¢ (2)s() = £,(),a <[x| <b
(2.20)

a(®) o) =721 7% dutc ()s(x) = 0,a<[x/<b

where f; (x) and f,(x) are even functions defined

on L. The substitution
Au) =s(u) —ir(u) + w(u) (2.21)

reduce the pair of equations (2.20) to the single
integral equation

a(®) A(x) + le@{ 20 du = f(x),xe L (2.22)
where

L=((-b, -a) U (a, b)),

Fx)=if,(x) + f,(x)

If we now define

_ 1 [ aw
A@@) = 27 L (u-z2) du

then using plemelj formulae.

Indian J.Sci.Res. 10 (1): 141-149, 2019

ATE) - A =A&),ATE) + A (X) LM g

xi L (u-x)

shows that (2.22) is equivalent to the condition
AT(x) = = KA~ (%) — {c(e) = b(e) + a(e)} ' f(x),xeL
(2.23)

Where

c(®-b@E-a(®
= (=)
K (C(é)—b(é)+ a(é)) 0

Thus, we must find a sectionally holomorphic
function  A(z), vanishing at infinity and satisfying the
condition (2.23). The solution to this problem is well

known (cf p. 450 (6) and is given by

A(z) =

X(2) [ [ f®

27 {c(e)—b(e)—a(e)} LL K+ (t)(t-2) dt + P(Z) X (Z)] (224)

where P(z) = h;z+h, h;andh, are arbitrary complex
constants and X(z) is the solution to the homogeneous

Riemann boudary value problem.
X*() = =KX (1), t e L (2.25)

The homogeneous Riemann problem is known to
have a solution (p.450) (3) given by

x(z) = [(z—a)z+b)]. [(z+a)(z—Db)]7®” (2.26)
where
_1 c(€)-b(&)—a(g)
©=23z108 {c(g)—b(m a(a)}

In the case in which f'is a polynomial

[ m(®-bO+ @)@ |

LXTOC-2) @ - b(® x@m

(2.27)

Where

21 . .
_ im f(Re!®)R e1® do

L(Z) = %;ﬂm . W (228)

Hence (2.214) yields

A(z) = s @ [f(z) — X(z) L(2)] + P(z) X(z) (2.29)
145
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for0< x < aandx > b
Oyy (X, 0 ) =0y (x,0) = _Zulf—:(é)lmAJr(x)

25, b(®)

ReA* (%)
fo

ny (Xa 0 +) = ny (X, O ') =

20, b(E)
gy (x, 05) = mgy (x, 0 -) = =1 A" ()

The Case of Constant Internal Pressure

We now consider the case in which the cracks are
opened by constant normal and shearing pressure say p(x) =
q(x) = Py so that,

—aPo _
fix = fo

Thus, if B =% - i, then

2n . .
[ f(Rel®)R e do

0 X(Re®)(Rel"—z) 2nf°{22+2bzﬁ — 2aBz—bz +az—

B- 12 4 (4p? +4p— 1)} CRY

So that

L() = fo [22 + (2B — Db - )z — BB — 1) 2 +
-] G

If follows from (2.29) that

A@) = —2[1—{z2 + hy;z + h,} X ()] (3.2)

2a(&)z

where X(z) is already defined by the equation
(2.26) and h, h,are arbitrary complex constants.

We obtain relation (2.26), the expressions for
X*andX~ as follows.

Xt (x) = —iK”((x% — a?)(b? — x?))%(coswb + i sin ©O)

X~ (%) = iK™((x? — a?)(b? — x?)) ™"(cosmb + i sin )
(3.3)

Where

o (x—a) (x+b) .
0= log {—(Ha) (b_x)}, while

(i) for-b < x < -a,
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Xt (x) = iK”((x? — a?)(b? — x%))""(cosmB + i sin ©O)
X~ (x) = —iK”((x? — a?)(b? — x?))™"(cosmb + i sin mO)
(3.4)

(i) for 0 < x < a

Xt(x) = X~ (x) = —((@% — x?)(b? —x?)) " (cosw 0; + i
sin 0,) (3.5)

Where

_ (a—x) (b+x)
91 - log {(a+x) (b—x)}

(iii) for x > b

Xt(x) = X~ (%) = ((x% —a?)(x? — b?))"*(cos®b, + i sin

®0,) (3.6)
Where

- (x-a) (x+b)
92 B log {(x+a) (x—b)}

Hence fora < x < b, we find that if we suppose
h; = h} + ih?,h, = h] + ih3
then,
+ _A- — Fo 2 .2\(h2 _
AT = A = s (T )0
x?))7”{(x? + hix + h})

.cos ®0' (h#x + h%) sin w0} +1 ((h?x + h3%)

.cos @0 + (x2 + hix + hl) sin ®0) 3.7
While
) Fo b(®)
AT AT = (2 — a?)(b?
O OV b
—x2))

{(x* + h}x + h}) cos ®0 — (h?x + h3) sin 00}

o fo b(®)

+ 2 _ 42Y\(h2 — «2)]-%
a© T aova@z 002 [(x* —a®)(b* —x)] (3.8)

{(x? + hlx + h2) sin 00 + (h?x + h2) cos ®0})

Indian J.Sci.Res. 10 (1): 141-149, 2019
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Ona < x < b, the Plemelj relation yield,

5100 = =rtesr (62 = a?) (b = x?) ™ {(x* +hix+
h}) cos @0 + (hZx + h3).sin w0}) (3.9

= fo e _ a2V(h2 — w2))% 1
ry(x) \/W((X a®)(b x“)) {( hix+
h3) cos @0 — (x* + hix + h}).sin ©0}) (3.10)

Wi () = = (O — @) (b — x2) ™ {(x + hix +
h}) cos @0 + (hZx + h3).sin w0}) (3.11)

we may alsonoteon—-b < x < -a

— _fo 2 2NM2  w2\—% 2 1
S(X) m ((X a )(b X )) {( X“ + h]_X +
h}) cos @0 — (h#x + h}).sin w0}

2 _ a2V (h2 _ v2\\—% 2 1
I'(X) \/W((X a )(b X )) {( X“ + h1X +
hl) sin @0 — (hZx + h3). cos 00}

—f, 1
W) = =R (6 —a) (b2 — X)) (%% 4+ hix +

h}) cos @0 + (hZx + h3).sin w0}

Hence, the relation s(x) = -s; (-x), 1(X) = ri(-x)
and w(x) = wi(-x) on —b < x < -a be satisfied, we must
choose hi and h3 so that hj = h3 = 0.

Another use of the Plemelj formulae yield

1w o fob() T T R N
7L u-x) 2O (X~ )b —x9)
{(x* + h}) cos ®0 - hZx sin ©0} (3.12)
1] s(w _ fo __ b® 2 a2) (b2 —
flam 01 roraer & )b
-
XZ)}]
{(x* + h}) sin @0 - h?x cos 0} (3.13)

Indian J.Sci.Res. 10 (1): 141-149, 2019

1f w) _ —fy b(&) 2 _ 2\(h2 _

Al W |t romer (x madk
%

xz)}]

{(x* + h}) sin @0 - h?x cos 0} (3.14)

We can deduce from the equation (3.12) and (3.9) that

if r(u) du: b(é) Sl(X) a<x < b

nL (u-x) ae®) (3-15)

It is simple matter to show that for x > b,

AR = 525 = 5o (08 =) (¢ = b)) 4 {(x? +
h3) cos ®0,hix sinwb,) — ((x? + h3) sin 06, +
hlx coswm0,)}

(3.16)

and hence, forx > b

oy (x, 0 B = —PA+DA-{x-a?)x*—
b?)}™" {(x? + h}) cos @0, —hix sinw0,})
(3.17)

Gy (5, 0 4) = ~Bo(1 + D — a2 (% = b2 (O +
h}) sin ®0,—hix cos®0,}) (3.18)

my (x, 0 ) = —RA+D-{x*-a)x*-
b?))™" {(x* + h}) sin ©0,+h?x cos®6,})
(3.19)

where

0. =1 x—a)(x+Db)
2 =108 {(x+a)(x—b)}

We see from (3.17), (3.18) and (3.19) that as x —o0

Gyy (x,04) = —Py(1 +1) 0 (x71)

Gyy (%, 0 1) = Py(1 + D{20(b — 1)+ hZ}(x™1) + 0(x~1)
myy (x, 0 +) =P (1 +i) 0 (x1) (3.20)

Hence, it follows that the condition G,y (X, 0 +) =
0(x—") and my, (x, 0 +)
automatically satisfied while that oy, (x, 0 +) =0 (x =) as

=0(x-1) as x o is

x —oo will only be satisfied if we choose h} = —2m (b —
a). Thus it only remains to determine the constant hi. This
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is determined from the condition that at the end point x = a,
uy (@, 0 +) = 0 =uy (a,0-). From (2.10), (2.19) (3.9) and
(3.15) we see that

_ s1(x).c
uy(x,O-i-)—a(E).az ,a<x<b
s1(x).D
uy(x,O—)—a@.az, a<x<b (3.21)
where C and D can be calculated.
Therefore, we have condition
b
si(@) = [ s;(u)du=0 (3.22)
a
This gives
= I, +20(b—-a)];
2 I
Where
_ cos®b du n 1
lo B f J(uz—az) (b2— uz) (a+b) cosh e 2F, (2 +
iw, ¥, 1, %)
_ f usinwd du Wz F(l/‘l' Vs — i, Vo —
J(uz—az) (b2 uz) coshnw  3%7 10, 72 =10, 72
1c0,1/2+ i, 2,z—17)
_ u?coswd du na? Ui
b = f J(uz—az) (b2= uz) (a+b)cosh o Fs (V2 — i, 2 +
i(,0,1/2+10),/2 io, 1,z—17)
Tc(b a)
F;(2—io, %2 +i0, % +i0, 2 + 1o, 2,2 —2)
2cosh o
n(b — a)? Z Z (2 —im)p (2 +10)q (2 +i0), (V2 — im)4
4(b + a)cosh w 319! Bp4q

p=0q=0

.2q+1)(q-p)zP(—2)?

and F; is hypergeometric function of two variables defined
in (112, p 274).
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For x > b stresses are given by

Oy (X, 0 ) = o,y (x, 0 -) = —P,(L+D)(1—{(x*—
a?)(x? —b?)}” {(x* + h}) cos @0, + 2w(b —
a)x sinwh,})(3.23)

Oxy (Xa 0 +) = Oxy (X9 0 ') = PO(]- + 1) ({(Xz - aZ)(XZ -
b2}~ {(x* + h}) sin ©0, — 2w (b — a)x cosmB,})

(3.24)

my (X, 0 +) = my, (x, 0 -) = P(1+i)(—1+{(x*—
a?)(x? —b?)} ™ {(x?* + h}) cos w0, — 2m(b —
a) x sinwb,})

(3.25)
The stresses for 0 < x < a are given by

Oy (X, 0 +) = 0yy (x,0-) =Py(1+1) (1 + {(@@* —x*)(b* -
x2)} "

{(x* + h}) cos w0, + 2w(b — a) x sinwb,} (3.26)

Oy (X, 0 =Py(1 +1){(@% —x?)(b? -

x2)}"
{(x* + h}) sin ®0; — 20(b — a) x coswb; } (3.27)

+) = Oxy (Xa 0 ')

my, (X, 0 +) = my, (x, 0 -) =Py(1+1i)(—1+ {(a*—
x2)(b? — x*)}"{(x? + h}) cos ®0; — 2w0(b —
a) X sinw0,} (3.28)

where

o (@m0 0=
O = log {(a+x) (b +x)}

h} can be calculated from (3.22)

The Stress Intensity Factors

If Nip, Ny, and Ny, are the normal and shear

stress intensity factors at the crack tip x = b then
Nyp = lim,_,[(x — b) oy, (x,0 +)] 4.1)

N2b = limu—m [(X - b)l/lny(X, 0 +)] (42)
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Nap = lim . [(x = b)*myy(x,0 +)] (4.3)

then from the equations (3.23), (3.24) and (3.25), we get

po(1 + i) , s

N, + Nop, + Ny, = —————14wb"(b—a)~ + (b

1b 2b 3b b (bz—az){ ( ) (
+h))}

(4.4)

Similarly, the normal and shear stress intensity
factor at the crack tip x = a are given by

po(1+1)

Nla + NZa + N}a = b (bz—az)

{4wa2(b —a)’+ (a2 + h;)} 4.5)

RESULTS AND DISCUSSION

In this paper, we consider a pair of coplanar
Barenblatt cracks at the interface of the two bonded
dissimilar micropolar elastic half planes. The components
of stress and displacement have been calculated. The
problem is reduced to the system of simultaneous dual
integral equations which are further transformed to a
Riemann boundary value problem. Calculations for
evaluating the stress intensity factors at the crack tip are
derived.
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