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ABSTRACT

We provide a new proof of the analyticity of the free energy that is based on direct C" -bounds and is suitable for a wide

class of classical
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Physics is a human attempt for understanding a
certain class of natural phenomena using scientic methods.
Mathematical physics is one of these methods or
approaches in which a mathematical structure is associated
with the structure of a physical phenomenon. The
mathematical structure is then studied by mathematical
techniques to yield new statements with physical relevance.
Applying the methods of mathematics to the investigation
of the physical world may be very rewarding. Statistical
physics is one these mathematical methods. It attempts to
explain the macroscopic behavior of matter on the basis of
its microscopic structure. It provides a framework for
relating the microscopic properties of individual atoms and
molecules to the macroscopic or bulk properties of
materials that can be observed in everyday life, therefore
explaining thermodynamics as a natural result of statistics
and mechanics (classical and quantum) at the microscopic
level. The theory of phase transitions is one of the branches
of statistical physics in which smoothness and continuity
play an important role. In fact phase transitions are
characterized mathematically by the degree of non-
analyticity of the thermodynamic potentials associated with
the given system. There are a number of different
thermodynamic potentials that can be used to study
mathematically the behavior of a statistical mechanical
system. The energy which is stored and is retrievable in the
form of work is called the pressure or free energy and is
indeed the thermodynamic potential that is commonly used
to investigate phase transitions. For many systems in
statistical mechanics, the mathematical techniques that are
available for proving the analyticity of the free energy are

based on complicated indirect arguments and are not
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suitable for many important models especially the ones with
Coulomb interactions. It is therefore imperative to provide a
new technique for the analyticity of the free energy that is
based on a direct C"-bound of its nth derivatives. This is
precisely the issue that will be addressed in this paper. We
propose to provide a proof of the analyticity of the free
energy that is based on direct Cn-bounds and is suitable for a
wide class of classical unbounded models.

We shall consider systems where each component
is located at a site i of a crystal lattice AcZ’, and is described
by a continuous real parameter x,e R. A particular
configuration of the total system will be characterized by an
element x=(x,)i€ A of the product space Q=R". This set is
called the configuration space or phase space.

We shall denote by ®=d" the Hamiltonian which assigns to
each configuration xeR" potential energy (x): The
probability measure that describes the equilibrium of the

system is then given by the Gibbs measure
du'(x)=Z,"e"(x)dx

ZA>0 is a normalization constant.

PRELIMINARIES

Let f be a smooth solution of the equation

-Af+ V- Cf=g—1g) in B4

Where @ is as above and g is a smooth function on RI":
We shall assume that g satisfies

|8 g| < . Ya € NN, (1)
Talking gradient on both sides of this equation, we have
(—A+ V-V VS + HessbV f = Vg in B

The operators
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Ay =-A+VP.V
and
A = A 4 T T 4+ Hessd

are called the Helffer-Sjostrand operators. They are
respectively equivalent to

‘l'\::l?l i (—I:l 3 _‘F#_ = ELII_J:)

. VE? A
T I i — .— —_— —_— A = i
W, =-A 1 5 Hesal
These operators are in some sense deformations of the
standard Laplace Beltrami operator. Indeed

) /9 -] i
We =e odg o€

and the map ®
n':-.|. _['1.?."-._‘[.".]—_'. c_'l'.i |

= £ 2

We shall consider the following hypothesis:

1H): 13 is strictly positive on £'E' «*d:1 i.e. that exixt

Cl>0 such that
L
g 2O

and that the Helfferer-Sjostrand identity

e, & .':'"'J|[|:.1LI .I?v-?ﬂjc TP (3)

holds.
Definition 1 The lattice support, Sg of a function g on R"
is defined here to be the smallest subset I' of A Zd for
which g can be written as function of x, alone with 1eT"
For instance, if g =x; Sg = {i}
Now consider the Hamiltonian given by
B ) = iy x) — gl

where t is a thermodynamic parameter, and g satisfies
(1) with Sg ¢ AThe free energy of the system is
defined by

f el |

B !

We have proved in Lo. A., (2007) the following formula:
There exists T*> 0 such that for all te [0, T*);

[ =] Tath
A Y

F - ) X =1 1
FLo(t) m | LA ), . I

|'_'|' l'-F.l."
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Ak = AN o

V.
¥ ltll_I =

Ir_ . -dre —" [z}
A= "F o e

C"-BOUNDS FOR THE ANALYTICITY OF THE FREE
ENERGY

It is well known that if p(t) is an ininitely differentiable
function de.ned on an open set DcR; then f'is real analytic
if and only if for every compact set KcD; there exists a
constant C such that for every te K

(n)

p"o|<C"'n!

We now propose to establish a bound of this type fo
p(t) :=1im, ,« PA(t)
Using our formula (4), we first prove the following Lemma:

Lemma 1 Assume that satisfies (H), and g satisfies (1)
with Sg < A (1) Then

),

! ¥ n
k - == - .. |_|.- ".I L |
.?":- K1 I i
Proof first Observe that
Lo” Aghty
g - L
- A -
(a0 wh-wg)
| I A T 1
— AL Wh-Weg' ")
b ] L T 5!' P A
¥
- — oo [g"* ! k)
p+l
i - : g Lo
- = I '-_5l'pl1ﬁ.-'_l|__r ':_5:"“”}_1_.“'-'-‘-|_i' 1] = {1 1
Setting
ko= o4 1 Bl o= 1; & Ik-
yields
(6 a0 = 1A e — R AT,

Now dividing by k!, summing over k and noticing that on
the right hand side one obtains a telescoping sum, yields

-1 a Y i I
3—:. "-ﬂ .'I AT I‘-'-l: s "'—}.\_J I ¥ Il':l

- ket T =10 i
k=0

We now propose to deconvolve the convolution equation
in the Lemma above via the discrete Laplace transform
commonly called the z- transform. Recall that given the
sequence {rnlioeg, the z-transform of {=n}i—, is defined
as follows
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Z ({za}ass) = Y xaz ™ = Xa(2)
=1

which is a series involving powers of 1/z. The z-transform
region of convergence for the Laurent series is chosen to
be

|=] = R, where H = homsup ?,.-'1:.1!.

The inverse z-transform is given by

kg =Z " [X{z)] = :I—E-__ f:ﬁ“:". Lz
N (&

where C is any positively oriented simple closed curve
that lies in the region of convergence and winds around
the origin. We also have the following convolution
property: if {=njiop. and [y, }2o, are two sequences
with z-transform X,(z)and Y,(z) are two sequences with
z-transform X(z) and Y(z) respectively, then

Zlzn vl = Xalzl¥ulz)

where x * y, is defined as the convolution sum

I'p * iip = i_er!..'n..l:.

=1

now let

Tl
- |

I
oo
=
[oN
i
3
ola.
L El
=
~
=

and assume that

{amy 1/m

= I|r|.|-||'|'.-i:—'|'-—- oK,
m | M

(6) is equivalent to
Tn*in =(n+1)2nsi-

Denote by X,(z) and Y ,(z) the z-transform of the
sequences 17nla-e: and v} s respectively. Applying
the z-transform to this convolution equation

above and using the properties of z-transform, we obtain

ad X
Xalz)¥alz) e id
i
Thus
X, (z)
Yale]=— x ,"'
Xalz)
Now using the inverse z-transform, we get
1 Xilz)
A = —— g 2",
li ”gl}l A 2mi J Xalz)

[
we have almost prooved:
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Proposition 2 Suppose the Hamiltonian @ satisfies the
assumption (H) above and g satisfies (1)

1
T b

R = limsup
n!

n

and that the thermodynamic limit

1 Xl
GHlzl= lim — _'II'I ! erisls
A=z |A] Xalz)
where = (g™
g v Y Y
Xakz) = — 2
(z) Z n!
n=>0

with SgcA, Then

;u-““l!'|| < X{n— 1",

where A and L are positive constants that are independent
of A. Thus the pressure is analytic in the thermodynamic
limit.

Proof. Form the equations

1 Xi(z)
AR = ey AL B g
li yg}' " 2mi J Xalz)
-
and o
i Iyt
Fyltl=(n—1)'{A7 I”:'r.-h'
we have
- | 1 Xi(2) .
MUt = ——in—1)! AT om
A R _ﬁgm.wl;-

L
Now taking the thermodynamic limit, we have

1
[P £ m=n 1:-'?(5&._ 12" | folz|

If L is the radius of the smallest circle C containing the

poles of G(z); then we get

APPLICATIONS

A) The result of Proposition 2 is suitable for
unbounded Hamiltonians discussed by Bach et al.,
(2000); Bach and Moller, (2003) and Bach, V.,
Moller, J.S., (2004). The exponential decay of the
two point correlation function is also a
consequence of Proposition 2 (see remark 2
below).

B) The result above may be applied to non-convex

Hamiltonians satisfying:
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I bm [Sdiz)] = oo

] —

T 3M, any 80 wndh jo| = M s booncded an R

% A E gy 12 =

3 ¥ |l = L ™l < Oy LI + [V rll'r|| lor some Cg =1l

4 Fu 1, ' = 0 puch that o« - Vi > O =] "™ e all fxl 1-.}
. . " . 4 140

as discussed in Jhonsen J., (2000).. Here | = 1*.u2])

and in what follows o = (a,),_, £ Z," shall donate a

multiindex. We set

] = }.-Lh.-ﬁl = g gl
|.'..1
If v =i e =land 4 = = forall j 2 ; then we write For
allj , then we write .For  ze2™ such that
we put
[_:] = _;i.“ ._-:"ul'
If &= o € 5 we write # € BY 2 = [lea #™. and

=0 (B F T (BT
where m: = |A]. For instance

L g gy i T 2] ] 7
) aﬁf{'ﬁ*‘; +5a)+ag 2l =zl @)
- i

where Taiy = xy, b =0, F =0 and 4 =0=w

These models are commonly used in Euclidean .eld theory.

They have unbounded second derivatives and satisfy
assumption 1-4. Indeed, first observe that there exists
7€ {l....n}suchthat . - = otherwise one would have

L

21" < ||" using this, it is clear that

b 4
-, T " ol ol
Vi 2 I'..> (_I.I._.,1|a jl

F=1 :
I Ty

o EY S R
- = _I - { = -":T_} 14 Lz |
e
= '
C) Another example of models satisfying assumptions 1-4
is given by the Kaac model

when x| > {7 Hf ponE ﬁll1ﬁ.l":u":|ﬂ'.|:\. liurge i

|

Pz) = ";-I - E}_:lll el [vllj [ + -'_,.I

T 1
which is a mean field model introduced by Kac, (1966) in an
effort to study rigorously certain problems of phase
transition and in particular to justify the van der Waals
theory of liquid-vapor transition. The exact model is
analogous to the two dimensional Ising model and
constructed as follows:

LetJ be an even positive lipschitz function satisfying

Jlr Jir)dr =12
E
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define the family {J} ., by
YreR,  Jir)=ydr)
The choice made in Kac, (1966) consisted of
Jir) =",

For a fixed >0, one defines an interaction potential J on
7' X 7’ by

Lk Lk = 0k = k)LT(LD
with
s 1 .
JIL I =8+ 3 {JJJ-.-I o "’.:_!_l) t
Here 4., is the Kronecker delta function.

LetAbe a finite subset of Z’; the Hamiltonian of the
configuration oa=1=1, I 11" with boundary condition
Fas = :l:rl.l."-__\-\. is given by

1
Haqlmafoie) = 3 ZJ.:LJ:I:I'L:I'J E 110 )y,

1J6A ETTL
Kac showed in Kac, (1966) that when

Jir) = e I7l,
this model may be studied through the transfer operator

KM =¢ —grelE) 7w — Frela)

where :
TIT - _:'.-.hhl{.;.]i:as E.i.l_ll:l.'!.llll |:|'l.'l.l;ll., i J.”||]
- =7l o |

with the convention x,,,,=x,: He proved that when Y
approaches 0; the behavior of the system only depends on
the Kac potential

glx] = ia—f - ilugnau:, [Iilllll:;_l'r' + :._..I:|

e | =l

Thus by reducing the two dimensional problem into a one
dimensional problem, M. Kac showed that the critical
temperature occurs at o 1

a -l: '
The mean field Kac Hamiltonian

- 5
Plx) = - EZIn cash ’1|||-'I,—_J {xi + 3y ]
o
satis.es assumptions 1-4 above if 4. |
Id
Indeed let ozt
Plz) = o + Wiz)
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where -
I
Wizh = —'_’Ellll:unh [llfn' 5 [ +ay I] ’
iy
we have P /
-I.," % sinh ['I,." % =i + 5 :-]
Wy =—2
=12 = _
g~ cosh [ 5 (3 +o4)
i 1|I.I? i 1
i 1
" ——= if k=i
S rnﬁh?[y'l'[.: {5 4 J:I]
Wz = i if ks
-3 IiT
cosh” [I\"I: {x; + x4 |]
I-.l .
otherwise

It then follows that 5
[y, | < '“31“' 5"

and MW,z | < 245,

|Weir, | 8 if ki,

Similarly, using the properties of cosh and sinh and the

fact that sinh t < cost t for all t one can see that all

derivatives of order greater than or equal to one are

bounded. Now we propose to .nd the values of for which

assumption 4 holds. i.e. there exist = = 0, = @ such that
x- Vi = C x| forall 2= L.

First write 1 |
Py f -1-'0‘,_| ax|ds f - Wity |5z )ds
-] o

i
A n

JE

Thus

i o I'l.-""‘-' == E LoTEE AT

e

1
4 W a5,
o

There is a Schur's Lemma (Steel, (2004)) that says for each
rectangular array

where

[Clj 5 <i<m
1<3<n

and each pair of sequence 1% i e
we have the bound

where R and C are the row sum and column sum maxima
defined by

and ¥y 0n

5

]l juml
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and

R IIIEME sl £

Now using this result, we have

E|'-_.I :

JEA

1
EJ{ |g, | (nx)aia
TS

I i
jr W | [mriide + E JF' | ¥y, a, | | oz idn
[] i

i
248 4 24N
Thus R < A
Similarly, we have AT
and o W) £ 4dit |

It then follows that = & = |+ {1 — 449)

Thus if i o

Remark 1 The problem of .nding a direct proof of
convergence of the Mayer expansion for dipoles at low
activity (which does not use cluster expansions) has been
open for a very long time see Procacci, et al., (1997). We
believe that if the thermodynamic parameter t plays the role
of the activity, then the technique developed in this paper
may be suitable for solving this problem.

Indeed, because the dipole-dipole interaction
should be smoothed out at short distance so that it is stable,
one only needs to find a suitable regularization of the dipole-
dipole potential that satisfies assumption (H).

The following lemma is needed to support the
argument that will be given in Remark 2. A more restricted
version can be found in Helffer and Sjostrand, (1994).

Lemma 3 (FKG inequality) If is such that the associated
Witten Laplacian on one forms Ag} is strictly positive and

g, h are two monotone increasing functions on R" satisfying

(1); then cov(g,h)=0.

Proof We have

covig h} =2 f{,q’p‘-"'v,i, W:I e~ g
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Let __1'!‘”-"?5':.1.::“

L
ERE T

0|

we only need to prove g, = i) == wy =

that consider equation
(1
Ay'w =Wy,

Write @& = w —w™ where w] = sup {01}
and wy aup {0 —ay

Wehave w7g5 — .-I;' Py .»1;?3::4.'
multiplying both sides by w~ and integrating with respect
to y—H=lg. we get
Rl -,':.—'l‘:t:"r.'.' Y ou :: - |:II.-|."1_I T Ij:-
The strict positivity of 4;' implies that the right hand side
of this last above inequality is negative. Thus we have
0<|{WVgw}

I

| ] — -::';"_u.u"':l = [}

Hence, '~ =0 and the result follows.

Remark 2. Proposition 2 could also be used to provide a
simple proof of the exponential decay of the two-point
correlations that does not use estimate for the spectral gap
of the Witten Laplacian on one forms in the one dimensional
case. Indeed, assume that g is explicitly given by

gl al]a
[ E o E{'.f. W'h!ﬂ"‘{. PR aws -.I?'""J .I.'?-.' 1
vl

The assumptions on g are satis.ed in the one dimensional
case d = 1: Helffer and Sjostrand,(1994).
We have

1 —ixj+i T Ex,
Falt] = -mgU' dre L I
|A B

N i e
P."'.'” = _||I }_.E“ Wy iy
1% e

i I -
‘I{Il”i' = IT }-"Eu“" {F'I jg'fn"'-h)

WET i

] -
I_f }_ 'EI|EI._-'EI:‘II:|I-:|-:"

iy EgET

Using Proposition 2 with n = 2, we get

where C is a constant that is independent of A Now
observe that
IMAX ding J,b
max ding g} Jp: P=1,...m
E — plET, yoiy oo Jeiy
"

forallk=1...n
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and that cov iz, =} = 0 by Lemma 4. Thus we have cov

(xiy, %5, ) & Co~ Ml ta),
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